We construct solutions of an Einstein-Yang-Mills system including a cosmological constant in 4+n space-time dimensions, where the n-dimensional manifold associated with the extra dimensions is taken to be Ricci flat. Assuming the matter and metric fields to be independent of the n extra coordinates, a spherical symmetric Ansatz for the fields leads to a set of coupled ordinary differential equations. We find that for n > 1 only solutions with either one non-zero Higgs field or with all Higgs fields constant and zero gauge field function (corresponding to a Wu-Yang-type ansatz) exist.
I. INTRODUCTION
In an attempt to unify electrodynamics and general relativity, Kaluza introduced an extra, a fifth dimension [1] and assumed all fields to be independent of the extra dimension.
Klein [2] followed this idea, however, he assumed the fifth dimension to be compactified on a circle of Planck length. The resulting theory describes 4-dimensional Einstein gravity plus Maxwell's equations. One of the new fields appearing in this model is the dilaton, a scalar companion of the metric tensor. In an analogue way, this field arises in the low energy effective action of superstring theories and is associated with the classical scale invariance of these models [3] .
Both string theories [4] as well as so-called "brane worlds" [5] assume that space-time possesses more than four dimensions. In string theories, these extra dimensions are -following the idea of Klein-compactified on a scale of the Planck length, while in brane worlds, which assume the Standard model fields to be confined on a 3-brane, they are large or even infinite. It should thus be interesting to study classical solutions of non-abelian gauge theories in higher dimensions and with view to the AdS/CFT [6] , respectively dS/CFT [7] correspondence especially including a cosmological constant.
Classical soliton-like solutions of Einstein-Yang-Mills theories in d dimensions where studied in [8] . These solutions are spherically symmetric in the full d dimensions. Solutions with spherical symmetry in only 3 + 1 dimensions were considered for n = 1 codimension in [9] , while they were studied for n codimensions in [10] . The manifold associated with the extra dimensions was assumed to be Ricci flat. If all fields are assumed to be independent of the extra coordinates, the 4 + n dimensional system reduces to an effective 4-dimensional Einstein-Yang-Mills-Higgs-dilaton (EYMHD) system with n independent, massless dilatons and n Higgs triplets. Constraints appear in this model such that only solutions with either one non-zero Higgs field or with all Higgs fields constant and zero gauge field function (Wu-Yang-Type ansatz) exist.
If a cosmological constant is introduced into this model, the effective 4-dimensional action describes an EYMHD system, where now the dilatons become massive due to a Liouvilletype potential. The (4 + 1)-dimensional version of this model was studied in [11] . It was found that no asymptotically flat nor de Sitter nor Anti-de Sitter solutions exist in this model-analogue to the Einstein-Maxwell-dilaton case with Liouville potential [12] . Con-sequently, black hole solutions with unusual asymptotics were constructed, which manifest the "embedded" abelian counterparts of the 4-dimensional solutions found in [13] .
In this paper, we study the system of [11] in 4 + n dimensions, assuming all fields to be independent of the n extra coordinates. In section II, we present the model including the Ansatz, the equations and the analytic solutions, which fufill the constraints that arise in this model. In Section III, we give the 4-dimensional effective action resulting from the model and give analytic solutions, which represent non-abelian solutions with diverging Higgs fields. These solutions exist only up to a maximal value of the cosmological constant.
We give our conclusions in Section IV.
II. THE (4 + n)-DIMENSIONAL Λ-EINSTEIN-YANG-MILLS MODEL
The Λ-Einstein-Yang-Mills Lagrangian in d = 4 + n dimensions is given by:
with the SU(2) Yang-Mills field strengths n . Λ (n+4) is the (4 + n)-dimensional cosmological constant.
In the following, we denote the coordinates x (3+k) by y k with k = 1, ..., n.
If both the matter functions and the metric functions are independent on y k , the fields can be parametrized as follows:
and
g (4) is the 4-dimensional metric tensor and the ζ j and Φ a j , j = 1, ..., n, play the role of dilatons and Higgs fields, respectively. Note that the factor e 2ζ k leads to a space-time dependent seize of the manifold associated with the extra dimensions. The same holds true for the factor e −Ξ with respect to the 4-dimensional "physical" manifold.
The case n = 1, Λ 5 = 0 was studied in [9] , while the case n = 1, Λ 5 = 0 was investigated in [11] . This present paper is an extension of the results in [10] , which deals with the case Λ n+4 = 0 for generic n.
A. Spherically symmetric Ansatz
For the metric the spherically symmetric Ansatz in Schwarzschild-like coordinates reads [14] :
with
For the gauge and Higgs fields, we use the purely magnetic hedgehog ansatz [15] :
where v is a mass scale, while c j are dimensionless constants determining the vacuum expectation values of the Higgs fields Φ j = c j v. In absence of a Higgs potential these have to be set by hand. Finally, the dilatons are scalar fields depending only on r :
B. Equations of motion
The non-vanishing components of the energy-momentum tensor are given by:
where we use the abbreviations
Defining the coupling constant α = v G (4+n) , the rescaled cosmological constant Λ = 1 e 2 v 2 Λ (4+n) , the mass function µ = evm and the radial coordinate x = evr, we obtain the following differential equations (the prime denotes the derivative with respect to x) :
Finally, since the off-diagonal components of the Einstein tensor vanish, we obtain constraints on the fields from the jk-components of the energy-momentum tensor:
These constraints lead to the conclusion that solutions with either only one non-zero Higgs field or with all Higgs fields constant and zero gauge field function K exist. The former case would effectively correspond to the 4 + 1-dimensional model with one Higgs field. In the following, we will discuss the solutions available in 4 + n dimensions with all Higgs fields being constant.
C.
"Embedded" abelian solutions
We assume here that
Note that no solutions with constant seize of the manifold associated with the extra dimensions (i.e. constant dilaton fields) exist in this model, if one chooses either K(x) = 0,
However, solutions with non-constant dilatons exist.
Choosing
the solutions correspond to "embedded" abelian solutions with magnetic charge P = 1 since
The counterparts of these solutions for a model involving one dilaton field with Liouville type potential in 4-dimensional Einstein-Maxwell theory were discussed in [13] . Note that the effective 4-dimensional action which results from our model in the case n = 1 [11] corresponds to the 4-dimensional model studied in [13] . Here, however, the effective action contains n dilaton fiels. As was proven in [12] , no asymptotically flat nor de Sitter nor Anti-de Sitter solutions exist for the model in [13] . This is also true for the "embedded" abelian counterparts [11] and the system studied here.
Here we present the (4 + n)-dimensional counterparts of the solutions found in [11] . The solutions read:
where a 0 , n 1 and ζ 0 are not further determined constants, while
and the cosmological constant is given by:
The metric then reads:
The Kretschmann scalar K = R M N OP R M N OP of the solutions is in general very compicated, that's why we give its form here for n = 2. It reads:
Clearly, the solutions possess a physical singularity at x = 0. This is also true for n = 2, e.g. for n = 1 and n = 3 the leading divergence is proportional to x −10 , respectively x − 10 3 . This clearly indicates that the singularity gets weaker when increasing the number of extra dimensions. We also note that for n = 2, the Ricci scalar R and the invariant R AB R AB are singular at x = 0, e.g. for n = 1 the leading divergence is of power x −5 and x −10 for R, respectively R AB R AB . However, for n = 2 R and R AB R AB are constant:
This can be related to the particular ansatz that we have introduced for the metric (see (2)).
Clearly for n = 2, the prefactor in front of the 4-dimensional, spherically symmetric part becomes e −2ζ , while the prefactor in front of the extra dimensional part is always e 2ζ . For n = 2 we thus have g tt ∝ g xx .
Coming now back to the interpretation of the solutions, we note that excluding the choice of n 0 < 0 and n 1 > 0 (which would correspond to a space-like naked singularity), this solution represents a naked singularity for n 0 > 0, n 1 < 0, while a horizon exists at x h = n 1 n 0 n/(2n+2) for a) n 0 > 0, n 1 > 0 and b) n 0 < 0, n 1 < 0. For case a), n 0 is always positive for Λ < 0, but also for 0 < Λ < 2α 2 e 2nζ 0 . For b) we have to choose Λ positive with Λ > 2α 2 e 2nζ 0 .
Moreover, the seize associated with the extra dimension-manifold diverges at infinity. A similar behaviour of the solutions was observed in a model without gauge fields [16] . The solutions thus correspond to black holes (if n 0 and n 1 are chosen appropriately) with toroidal horizon (note the constant seize of the 2-spheres) which is extended non-trivially into n extra dimensions.
The temperature T of static black hole solutions is given by:
Evaluation at the horizon x h then gives for the black hole solutions studied here (with T =T ev ):
As can be easily checked, the derivative of T with respect to x h , ∂T ∂x h , changes sign for n = −1 and n = 2 ± 2 √ 2. Since we are only interested in positive n here, we find that ∂T ∂x h < 0 for n ≤ 4 and
For the choice of the parameters a 0 = 1, ζ 0 = 0 and n 1 = 1, we plot 2πT (which is actually equal to the surface gravity) over x h for different values of n in Fig. 1 .
III. AN EFFECTIVE 4-DIMENSIONAL MODEL
As in the 5-dimensional case [9] (in our notation n = 1) the equations given in the previous section can equally well be derived from an effective 4-dimensional Einstein-YangMills-Higgs-dilaton (EYMHD) Lagrangian. In this section, we will discuss the following matter Lagrangian:
(31)
This matter Lagrangian provides a natural extension of the n = 1 effective matter Lagrangian.
The kinetic part in the dilaton fields could be diagonalized, however, we find it more convenient to leave it in the form above which reveals the symmetry
n-dimensional cosmological constant leads, through dimensional reduction, to a Liouvilletype potential in the dilaton with a coupling constantΛ related to the n-dimensional coupling constant by means of Λ (4+n) = 2α 2Λ . The dilatons in this theory thus become massive.
The Lagrangian (31) is then coupled minimally to Einstein gravity according to the full
where L G = R/(16πG 4 ), R is the Ricci scalar and G 4 is the 4-dimensional Newton's constant.
Note that the dilaton fields are coupled by an independent coupling constant ω to the gauge and Higgs fields. In this respect, the dilatons here are treated as independent scalar fields, while in the action (1) they appear as parts of the metric tensor.
After the rescaling
the resulting set of equations only depends on the coupling constants α and γ. We refrain from giving the explicit form of the equations here, but refer the reader to [11] for the case n = 1.
Note that the equations (14), (15), (17), (18), (19) become equivalent to the field equations associated to (33) by using the same Ansätze for the 4-dimensional metric, the gauge and Higgs fields, but by identifying
Remarkably, this identification turns out to be independent on n.
Note also that the two models differ for n > 1 with respect to the constraint (20) that doesn't exist in the 4-dimensional effective model.
A. Non-abelian solutions with diverging Higgs fields
So-called AdS n+2 × S 2 solutions were first discussed for n = 1 and Λ = 0 in [9] . They can be thought of as hypertubes with spherically symmetric cross-section. The generalisation of these solutions is not possible for n > 1, since the Higgs fields don't fulfill the constraints (20).
However, we can construct the counterparts of these solutions in the 4-dimensional effective action, since the constraints don't appear here. First, we assume that
Further, we choose α 2 = 3γ 2 to "mimick" the 4 + n-dimensional case as best as possible.
The fields have the form
The 00-component of the energy-momentum tensor for this soltuion reads:
This is constant, however, since √ −g = R 2 x a sin θ, the energy of this solution is not finite.
Furthermore, the definition of a magnetic charge cannot be done in the usual sense since the Higgs field doesn't tend to its vacuum expectation value asymptotically.
Substituting this ansatz into the equations leads to a set of five algebraic equations which allow, in principle, to determine the parameters N 0 , a, R, h, q. The following relations are easy to obtain:
and leave us with a system of equations for R and q. It turns out that the solution is relatively simple in the case n = 2, however much more involved for n = 2. This is surely related to the fact that the Higgs field increases linearly for n = 2.
For n = 2 we find
and the relation determining q is given by the polynomial equatioñ .
For generic values of n, the solution is more envolved. We find :
The equation for q is a lengthly polynomial expression of degree nine in q and of degree three inΛ, that's why we don't give it here.
The solution presented above is completely symmetric under the exchange
It can be generalized in the following way :
and no-equal dilaton and Higgs fields
where R 1 , . . . , R n are positive constants which fulfill the constraint n k=1 R k = R n , where R is the quantity determined in the symmetric case. This choice of functions leads to a family of n − 1 possible solutions.
IV. CONCLUSIONS
Adopting the dimensional reduction scheme based on the fact that the fields do not depend on the n extra dimensions, we have studied the classical equations corresponding to the SU(2) Einstein-Yang-Mills model in 4 + n dimensions including a cosmological constant.
Supplementing the initial model with a cosmological constant results in a self-interacting potential of the dilatons, where this potential is completely fixed in terms of the coupling constants of the model.
A spherically symmetric Ansatz for the fields leads to a system of non-linear differential equations. Constraints on the fields lead to the fact that only solutions which become effectively 5-dimensional (with one non-zero Higgs fields) or with all Higgs fields constant and zero gauge fields exist. We construct the "embedded" abelian solutions with all Higgs fields constant. The Ricci and Kretschman scalars of these solutions are finite everywhere apart from the origin. Depending on the choice of parameters they represent either naked singularities or black holes. They generalize solutions obtained in [13] to the case of a (4+n)-dimensional space-time with an SO(3) symmetry. These solutions are not asymtotically flat, neither de Sitter nor Anti-de Sitter, but all components of the energy-momentum tensor remain finite asymptotically.
One interesting generalisation of this result would be to construct the rotating counterparts of these solutions, following [17] for the Einstein-Maxwell case.
The second family of solutions obtained in this paper is the family of solutions of the effective 4-dimensional action. These solutions are characterized by non-trivial matter fields, especially diverging Higgs fields. They depend smoothly on the cosmological constant.
We find that for n = 2 these type of solutions exist only up to a maximal value of the cosmological constant. 
